Mathematics Extension 2 Term 4 Assessment 2005
Question 1 (15 Marks) Marks

(@ Giventhata =3+ 2iand ¢=2 - 5i, find

(i) ou 2
(i) Re(ay) 1
(i) Im(ag) 1

(b) Describe geometrically, on an Argand diagram

(i) Re(=2. 1
(i) Im(z)<2 1
(c) Expand and simplify (2—3i)’ 3
(d) Calculate the modulus of the product of the roots of the equation 3

(2+i)x*+3x-(1-i)=0.
(e) Show that the point representing cos%+ isin% is on a circle with radius 1 3
and centre at (1, 0).

Question 2 (15 Marks)
(@ The complex number z = J3+iis represented on an Argand diagram by the point A.
(i) The points B, C, D and E are the points representing -z, iz, 1 —z and Z 4

respectively. Mark clearly on an Argand diagram the points 4, B, C, D, and E.
Clearly indicate important geometrical relationships between these points.

(i)  Fis the point in the second quadrant such that AABF is equilateral. 2
What complex number is represented by the point F?

(b) (i) Find +/6i—8,inthe forma + ib. 3

(i) Hence, solve the equation 2z — (3 + i)z + 2 = 0, expressing the values of z 2

in the form a + ib.

(c) A pointz on the Argand diagram is given by z = w? + 2iw, where w = u + iv
and u and v are real. Find the locus of z when

(i) u=0andv varies. 1
(i) v=1andu varies. 1
(iii) Sketch the two loci, showing any important features. 2
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Mathematics Extension 2 Term 4 Assessment 2005

Question 3 (15 Marks)

(a)
(b)

(©

(d)

(€)

(f)

Sketch the locus |z + 2 - 3i| < 5.

Show that w = 2+/3i -2 is a root of the equation z° = 64.

2
z
If z#0, show thatu=2z + u is always real, wherez=x +iyand xeR , y e R.
z

If z = cosé + ising, prove that 2 =1-i tang.
1+z

Sketch the region, in an Argand diagram where points satisfy the set of inequalities:

2<|zl<4and —ESargzsz.
3 3

Prove that if Z;, Z, are complex numbers then |Z; — Z,| > + |Zy + Z| ? = 2{|Z4| * +|Z2| *}-

Question 4 (15 Marks)

(@)
(b)
(©)

(d)

2 —i isone root of x> — (3—i)x + k = 0. Find k and the other root of the equation.

Sketch the region in the Argand diagram defined by ‘22 - ZZ‘ >8

(i)  Show that (1 + i) is a root of the polynomial P(x) = x® + x* — 4x + 6.
(i) Hence resolve P(x) into irreducible factors over the complex field.

Find the fourth roots of 2\/§ +2i.

& END OF EXAM ©
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Mathematics Extension 2 Term 4 Assessment 2005 - solutions
Question 1 (15 Marks) Marks

(@ Giventhata =3+ 2iand u =2 - 5i, find
(i) ou =(3+2i)(2-5i)

=11-4i 2
(i) Re(ow) =11 1
(i) Im(o)=—4 1
(b) Describe geometrically, on an Argand diagram
(i) Re(z)=2. 1
A
y
X
3 1mk
(i) Im(z)<2
1
y
X
1mK
(¢) Expand and simplify (2 - 3i)4 3

(2-3i)" =2+ 4Q2)°(=3i) + 6(2)%(-3i)? + 4(2)(-3i)* + (-3i)*
=16 - 96i + 216i° - 216i° + 81i*
=—119 +120i
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Mathematics Extension 2 Term 4 Assessment 2005 - solutions
(d) Calculate the modulus of the product of the roots of the equation 3
Q+ix*+3x=(1-i)=0.

Let the roots be a, . Then af = _21 !
+i

~1+i 2-i

ap = X

/ 2+1  2-i

_ —3;—3I

-3) (3 32

= ll—1 +|=| =— 1mK

“ (sj (5) 5
(e) Show that the point representing cos%Jr isin% is on a circle with radius 1 3

and centre at (1, 0).

s 3

Letz= cos£+ isin— = 1+ I—
3 3 2 2

Sz = 1/%+%= 1 =>» equal to radius of circle

Now equation of the circle with centre (1,0) and radius 1 is (x — 1)* +y* =1 1mK|

2 2
Since x = % andy = % and substitution into LHS = [%lj + (@] =1=RHS 1mk|

008%4— isin% lies on circle centred (1, 0) and radius 1.

Question 2 (15 Marks)
(a) The complex number z = /3 +1i is represented on an Argand diagram by the point A.
(i) The points B, C, D and E are the points representing —z, iz, 1 —zand Z 4
respectively. Mark clearly on an Argand diagram the points A, B, C, D, and E.
Clearly indicate important geometrical relationships between these points.

e Points B, C, D, E with
relationship to point A,
award each

- e Just points award 2
marks only
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Mathematics Extension 2 Term 4 Assessment 2005 - solutions
(i)  F is the point in the second quadrant such that AABF is equilateral. 2
What complex number is represented by the point F?

F must be the same distance from A as B is so must have point (— \/5,2)
So has the complex number z,= —+3+2i  |[Lmk|

(b) (i) Find +/6i-8,inthe forma + ib. 3

Let A= 6i — 8 then let A= (a+ ib)® where a, b are Real
s a’~b?’=-8and2ab=6 . ab=3

Lat-2 -8 > a‘i8a2-9-0
a

(@®+9)a?-1)=0sinceaisreal = a=1ora=-150b=3 orb=-3 respectively.

5o AJ6i—8 =1+3ior—1-3i

(i) Hence, solve the equation 222 — (3 + i)z + 2 = 0, expressing the values of z 2
in the form a + ib.

(i) @+3)
B ;

.'.z:1+iorz=%—|§

by quadratic formula

(c) A pointzon the Argand diagram is given by z = w2 + 2iw, where w = u + iv
and U and v are real. Find the locus of z when

(i) u=0and v varies. 1
when u=0 then w = ivand z = —v* - 2v
if z=x-+iywherex,yarereal .. x=-v*—=2vandy=0

- locusisy =0

(if) v=1 and u varies. 1
whenv=1thenw=u+iandz=(u+ i)+ 2i(u+i)
s z=(U"=3)+4ui
- ifz=x+ iy where x, y are real then
x=u’-3andy=4u .. y*=16(x +3)

(iii) Sketch the two loci, showing any important features. 2

See next page
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y? = 16(x+3)

f(x) =0

Mathematics Extension 2 Term 4 Assessment 2005 - solutions

Question 3 (15 Marks)

(@) Sketch the locus |z + 2 - 3i| < 5.
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Mathematics Extension 2 Term 4 Assessment 2005 - solutions
(b) Show thatw = 231 -2 is a root of the equation z° = 64.

w= 24/3i-2 =4(coszT”+isin2Tﬂ)

- W’ =4’ (cos 21 + isin 27) by De Moivre’s Theorem
= 64 as required

2
z
() Ifz#0,showthatu=z+ u is always real, where z=x +iyand xe R ,y e R.
4
z=x+iythen|zP=x*+y* & 7%= (x*-y?) +2ixy
2
7 22 ; 2 2
Nowu=z+u _ X -y +2IX}/+X +y

z X+1iy
2X(X +1y)
im
X+1y

Z| xZ
-2l
=72+ 1
=X+iy+x-liy

=2x which is real as x is real.

(d) If z=cosf + ising, prove that 2 =1-1i tang.
1+z
2

LHS - . (1+cos@)-isin®

1+cos@+isingd (1+cosd)—ising
2+2c0osf@-2isind

 1+2c0s0+cos?O+sin26

_ 24+2cosd —2isin@

2+2cosd
ising
=1~ -1mE
1+cosé
.. 0 0
21sIn—C0S —
2

=1-—=2_2

1+2cos’*¢-1
o,
ising
[
cos ¢

=1 —1itan g = RHS [Students could also let t = tan g]
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Mathematics Extension 2 Term 4 Assessment 2005 - solutions

(e) Sketch the region, in an Argand diagram where points satisfy the set of inequalities:

2<zl<4and —%sargzs%.

Arg(2)
’ 2| =4 for the
lz|=2 boundary
for the region
2
3
Arg(2)

(f)  Prove that if Z;, Z, are complex numbers then |Z1— Z| 2+ |Z1 + Zo| > = 2{|Z4| *+Z4| %}.

LHS = |Z1-Z5| % +|Z1 + Z)|

(Z1+ Z)((Z,+ Z,) + (- Z)((Z,-Z,) [imK
= (Lt Z)Z,+Z,) + (L= Zo)( Z, - Z,)
=2(le_1+zzz_2)

=2(z,[ +|z, ) = RHS

Question 4 (15 Marks)
(@) 2-i isonerootof x*— (3 —i)x + k= 0. Find k and the other root of the equation.

Let « and B be the roots of the equation, so let f=2 — i
Lot2-i1=C3-i) Dda=1 1mK|
Lof=kD> k=2-i

(b) Sketch the region in the Argand diagram defined by ‘22 - 22‘ >8
22 -7° =(2-7)(z2+ 1)
= (2iy)(2x) = 4ixy
‘22 - 22‘ > 4|xy|
- Axy| > 8 D |xy| >2
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Mathematics Extension 2 Term 4 Assessment 2005 - solutions

for the graphs
and for the

correct region.

Xy=-2

Xy=2

Xy=-2

(©

(i) Show that (1 + i) is a root of the polynomial P(x) = x> + x* — 4x + 6.
If (1 +i)isarootthen P(1+i)=0
PA+i) =(1+i)’+1+i)>—4(1 +i)+6
=1 +3i+3i+iP+1+2i+iP-4-4i+6 [ImK
=4+i-3-1-i=0

- (1 +1)isaroot of P(x).

(i)  Hence resolve P(x) into irreducible factors over the complex field.
Since P(x) has real coefficients = the complex roots occur in conjugate pairs.
- (1-1i)isalso aroot.
. Let P(x) have roots (1 +1i), (1 —i)and S
Sum of the roots = (1 + i)+ (1 —i) + f=—1 > f=-3
PO =(x+3) {x— (1 +iHx—(1-0)}

(d)

Find the fourth roots of 2\/5 +2i.

Let z = x + iy be one of the fourth roots. Then z* = 243 +2i
. 2 =16(cos40 + isin46) by De Moivre’s Theorem.
Equating the real parts =» 16cos46 = 2.3
Equating imaginary parts = 16sin46 =2

- tan40 = i 2> 40= %+ 2k , where k are integers.
(12k211)7r wherek=0, 1, -1, -2 -

] . T . 137 . —11x . =237
‘. Four roots +3 +1 are: 2cis—, 2cis——, 2cis , 2CIS -1m5
\/_ 24 24 24 24

& END OF EXAM ©
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